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Generalized symmetries: 

Gaiotto, Kapustin, Seiberg, Willett 2014; 
Non-invertible symmetries:

Verlinde 1988;

Moore, Seiberg 1988-1989;

Petkova, Zuber 2000, 

(Frohlich), Fuchs, Runkel, Schweigert 
2002-2006;

Bhardwaj, Tachikawa 2017;

Chang, Lin, Shao, Wang, Yin 2018;

Kong, Zheng 2019;
Ji, Wen 2019;
Thorngren, Wang 2019;

• Generalised symmetry — rather than focusing on group actions, 
focus on topological operators. If topological operators are of 
higher co-dimensions, they correspond to “higher symmetries” 

• e.g. in usual group symmetry the charge operators are 
topological co-dimension 1 operators. 1-form symmetry -> co-
dimension 2 operators. 

• The collection of these operators form a mathematical structure: 
a (higher) fusion category — we will need only 1-(spherical) 
fusion category in the following to discuss 1d topological 
defects of 2D CFT. 

Generalised Symmetries

Sandwich and SymTFT:
Kong, Wen, Zheng 2015, 2017;
Kong, Zheng 2019;
Ji, Wen 2019;
Kong, Lan, Wen, Zhang, Zheng 2020;
Gaiotto, Kulp 2020; 
Apruzzi, Bonetti, Garcia Etxebarria, Hosseini, 
Schafer-Nameki 2021;
Freed, Moore, Teleman 2022;

Reviews: 
Cordova, Dumitrescu, Intriligator, Shao 2022; 
Schafer-Nameki 2023; Shao 2023;
McGreevy 2022



Bhardwaj, Tachikawa 2017; 

Chang, Lin, Shao, Wang, Yin 2019; 


Thorngren, Wang 2019;  Ji, Wen 2020; 

Kong, Lan, WenZhang, Zheng, 2020 ……

codimension 2 

defects

codimension 1• codimension 1 operators — objects 

• codimension 2 operators — 1 morphisms  between objects etc 

• These operators can fuse and the fusion should satisfy some 
consistency conditions e.g. associativity constraints  
e.g. Pentagon equation for 1-fusion category  
(where 2-morphisms are trivial) 

• e.g. 2d CFT topological 
lines called the Verlinde lines have been studied in detail - 
they form a fusion category 

Generalised Symmetries



• Topological Holographic Principle states that a symmetric d-dimensional QFT can be expressed 
as a d+1 dimensional TQFT 
path-integral over a “sandwich” 


• One boundary is painted a topological boundary condition


• The other is a “dynamical boundary condition” 


• The bulk gauges the global symmetries and impose them explicitly, and it is usually called the 
SymTFT/SymTO. 


• Topological defects in the d-QFT corresponds to topological excitations (e.g. anyon lines) in the 
SymTO. 


• e.g. Verlinde lines in 2D CFT            Wilson lines/anyon lines in a corresponding 3D Chern-Simons 
theory.

d-QFT

d+1 Topological order Topological Holographic Principle

Sandwich and SymTFT:
Kong, Wen, Zheng 2015, 2017;
Kong, Zheng 2019;
Ji, Wen 2019;
Kong, Lan, Wen, Zhang, Zheng 2020;
Gaiotto, Kulp 2020; 
Apruzzi, Bonetti, Garcia Etxebarria, Hosseini, 
Schafer-Nameki 2021;
Freed, Moore, Teleman 2022;

The Strange correlator is an explicit realisation.



Overview
• Constructing Critical models - predicting critical couplings and 

phase boundaries
• symmetry preserving TRG algorithms
• Discretising CFTs
• Holographic tensor network in 2D



Classical Statistical Lattice models
Historically a treasure of CFTs

• Statistical lattice models are important area of studies both in mathematics and physics. 
Important mathematical structures and physical phenomena were discovered from studying 
these models.  

• Statistical lattice models played a crucial role in the discovery of many important physical 
phenomena in phase transitions — notably when it is undergoing continuous/2nd order phase 
transitions, they have continuous conformal field theory as their thermodynamic limit — this thus 
produces a UV-complete non-perturbative construction of interacting field theory! 

• e.g. The Ising spin model solved by Onsagar — has a critical point which is related to the 2D 
Ising CFT 

• The entire A-series minimal models were originally found in the A-series lattice integrable 
models.  

• This is no longer the main-stream of producing new CFT — writing down Lagrangian has 
become the main-stream. Why? Can we re-live this good old times? 



Turaev Viro TQFT/Levin-Wen model in 2+1 d
Fusion Category



Turaev Viro Formulation of TQFT in 2+1 d
Turaev Viro Formulation



Turaev Viro Formulation of TQFT in 2+1 d
Turaev Viro Formulation

C is called “input category” in 
the model. The TQFT describes 

a topological order and the 
anyons excitations also form a 
category Z(C) (the center of C) 

that is called the “output 
category”



Turaev Viro Formulation of TQFT in 2+1 d
Turaev Viro Formulation

Now we will take this TQFT and use it to construct (integrable) lattice models in one lower dimension.



Integrable Lattice Models and 
Strange Correlators



• PEPS representation of Levin-Wen models/Turaev-Viro 
ground state    


      Gu, Levin, Swingle, Wen PRB 2009; Buershaper, Aguado, Vidal PRB 2009;


•Then pick some mysterious state  and take the 
overlap with   i.e. .  is chosen such that 
the overlap matches exactly the partition function of well 
known families of integrable models — this is a 
realisation of the sandwich. 
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Path-integral

of a 3-ball with a two dimensional 


surfaceRSOS integrable models and Minimal 
models and Levin Wen models
Verstraete et al 2017; Aasen, Fendley, Mong 2016, 2020; 

This observation is related to the anyon chain proposed in Feigen et al 2006



r is related to the temperature in the classical Ising spin model: 


Path-integral

of a 3-ball with a two dimensional 


surfaceRSOS integrable models and Minimal 
models and Levin Wen models
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rc = e�2�c , �c = 1/2 ln(1 +
p
2)

The  critical temperature is known for many years. Now expressed as 
the boundary condition of the Levin-Wen model.

Verstraete et al 2017; Aasen, Fendley, Mong 2016, 2020; 



More general there is the A series integrable models with the 
same ansatz : 

Path-integral

of a 3-ball with a two dimensional 


surfaceRSOS integrable models and Minimal 
models and Levin Wen models

Expressed in this form, the well known critical coupling is 
located at : 

<latexit sha1_base64="mtpZqvEYqIWBrIP3lVpvkfpi+3s=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARUgptErS6EYpuXFawrdCEMJlO26GTizMToYQ+iRtfxY0LRQRX+jZO2yDa+sPAz3fO4cz5/ZhRIU3zS8stLa+sruXXCxubW9s7+u5eS0QJx6SJIxbxWx8JwmhImpJKRm5jTlDgM9L2h5eTevuecEGj8EaOYuIGqB/SHsVIKuTpJ9zD8Bw64o7L1HZwJAzbiWnVGJbtUgmWrXHVmOEfWrZKnl40K+ZUcNFYmSmCTA1P/3C6EU4CEkrMkBAdy4ylmyIuKWZkXHASQWKEh6hPOsqGKCDCTafnjeGRIl3Yi7h6oYRT+nsiRYEQo8BXnQGSAzFfm8D/ap1E9s7clIZxIkmIZ4t6CYMygpOsYJdygiUbKYMwp+qvEA8QR1iqRAsqBGv+5EXTsitWrVK7Pi7WL7I48uAAHAIDWOAU1MEVaIAmwOABPIEX8Ko9as/am/Y+a81p2cw++CPt8xtULJ46</latexit>

rc =
p
2 cos(2⇡/(k + 2)) + 1/(2 cos(⇡/(k + 2) + 1)

What is this? Does the Levin Wen/TV model knew about these numbers? 

Verstraete et al 2017; Aasen, Fendley, Mong 2016, 2020; Chen et al 2022;  

i.e. How exactly is this ansatz chosen in 
principle????? In particular, which  can produce 
critical points = CFTs? Is there anything special 
about these critical couplings???
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A 2D CFT Factory : an ansatz of unit 
cell,  and competing anyon 

condensation 



Ansatz of Unit cell
Module and Frobenius algebra

Example: In the Ising example, we notice that at small beta and large beta, the 
red edges are coloured by one of the two Frobenius algebra of the Ising model 
respectively. One can check that in this case they are closely related to 
topological boundary condition of the 3D TV model. 


There are 2 Frobenius algebra: 
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A1 = 0� 1
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A0 = 0 Electric condensate: equivalent to Lagrangian condensate = 
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Magnetic condensate: equivalent to Lagrangian condensate = 
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How to connect the two things?  There 
are many ways .  See Wan et al. But 

bottom line is to use the  Ribbon 
operator for the Levin Wen model. 

Two anyons with non-trivial braiding cannot condense together. CFT is an equilibrium point in this competition! 

Low temperature Z2 spontaneously sym breaking

High temperature dual Z2 spontaneously sym breaking



Ansatz of Unit cell
Module and Frobenius algebra

• A Frobenius algebra satisfies the following conditions: 

Fuchs, Runkel, Schweigert 2000s ; Hu, Wan, Wu  1706.00650;

Each Frobenius algebra describes a Lagrangian algebra which is a maximal set of anyons that condense.  
When a maximal set of anyons are condensed — this produces a trivial state. Each such trivial state is a topological 
boundary condition of the 3D TQFT. 




Ansatz of Unit cell
Module and Frobenius algebra

Consider a octagon-square lattice. (Inspired by the Ising model)


We consider  a unit cell in this lattice as highlighted above. We want to define a state 
corresponding to pouring the condensate into this cell, while it is well “isolated” from the 
other cells. 


This is given by: 


Here, M is a module of A. It satisfies: 

This state is a topological boundary condition of the  TQFT! 



Ansatz of Unit cell
Module and Frobenius algebra

• Normalising a Frobenius algebra 
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N2
(Ai,MAi )

=



Ansatz of Unit cell
Module and Frobenius algebra

Interpolating between condensates: 

Here, we require that Ai and Aj share the 
module objects in M, even if the module 

function  may not be the same. 

This is crucial to preserving the isolation of 

the condensate between unit cells in the full 
lattice. 



Ansatz of Unit cell
Module and Frobenius algebra

Interpolating between condensates: 

Example: 
Going back to 
the A-series
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A0 = 0

For all k  we have the following Frobenius algebra: 

<latexit sha1_base64="IbSFBQGJ+lb6z+4zuQ+RFNXedxk=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IVS8eK9gPaNeSTbNtaDZZkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qkSjMp7s04pn6EB4KFjGBjpYernneJ3K6MeaKR1yuW3LI7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZ1RN0YpU+CqWyJQyaqb8nUhxpPY4C2xlhM9SL3lT8z+skJrzwUybixFBB5ovChCMj0TQC1GeKEsPHlmCimL0VkSFWmBgbVMGG4C2+vEyaZ2WvUq7cnZdq11kceTiCYzgFD6pQg1uoQwMIKHiGV3hznpwX5935mLfmnGzmEP7A+fwBnMyRTw==</latexit>

A1 = 0� 1
<latexit sha1_base64="mtpZqvEYqIWBrIP3lVpvkfpi+3s=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARUgptErS6EYpuXFawrdCEMJlO26GTizMToYQ+iRtfxY0LRQRX+jZO2yDa+sPAz3fO4cz5/ZhRIU3zS8stLa+sruXXCxubW9s7+u5eS0QJx6SJIxbxWx8JwmhImpJKRm5jTlDgM9L2h5eTevuecEGj8EaOYuIGqB/SHsVIKuTpJ9zD8Bw64o7L1HZwJAzbiWnVGJbtUgmWrXHVmOEfWrZKnl40K+ZUcNFYmSmCTA1P/3C6EU4CEkrMkBAdy4ylmyIuKWZkXHASQWKEh6hPOsqGKCDCTafnjeGRIl3Yi7h6oYRT+nsiRYEQo8BXnQGSAzFfm8D/ap1E9s7clIZxIkmIZ4t6CYMygpOsYJdygiUbKYMwp+qvEA8QR1iqRAsqBGv+5EXTsitWrVK7Pi7WL7I48uAAHAIDWOAU1MEVaIAmwOABPIEX8Ko9as/am/Y+a81p2cw++CPt8xtULJ46</latexit>

rc =
p
2 cos(2⇡/(k + 2)) + 1/(2 cos(⇡/(k + 2) + 1)
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M =
1

2



Why does it work? — why is it a second order phase transition? 
Key: cut down on degrees of freedom in RG space 

• For chosen M such that it is shared by all the interpolating algebras (for simplicity, 
including module function),  the RG attraction basins would be reduced to these 
algebras. 


• This happens where  


Number of couplings in a unit cell: 

number of sharing A = 
<latexit sha1_base64="9+aMpKTv0bqSUgYm0Ymtrnv4QpU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiFy9CRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hrmtx+5NiJWDzhJuB/RoRKhYBStdK/6t/1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv1qzyOIhzBMZyCBxdQhxtoQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwDKnaNvQ==</latexit>nM

All phase transitions in a phase diagram are forced to be second order if
i.e. all directions correspond to moving towards an incompatible phase. 


No directions describe degeneracy between two phases. 

<latexit sha1_base64="HjFfCb4hGIYsK7CGEoazNNEC8Kw=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKIVDdC0S5cVrAPaEOYTKft0MkkzNyIJQQ3/oobF4q49Svc+TdOHwttPXDhcM693HtPEAuuwXG+rYXFpeWV1dxafn1jc2vb3tmt6yhRlNVoJCLVDIhmgktWAw6CNWPFSBgI1ggG1yO/cc+U5pG8g2HMvJD0JO9ySsBIvr1f8Sm+xBU/bQN7ABWmieSQZSeubxecojMGnifulBTQFFXf/mp3IpqETAIVROuW68TgpUQBp4Jl+XaiWUzogPRYy1BJQqa9dPxCho+M0sHdSJmSgMfq74mUhFoPw8B0hgT6etYbif95rQS6F17KZZwAk3SyqJsIDBEe5YE7XDEKYmgIoYqbWzHtE0UomNTyJgR39uV5Uj8tuqVi6fasUL6axpFDB+gQHSMXnaMyukFVVEMUPaJn9IrerCfrxXq3PiatC9Z0Zg/9gfX5A4AOluQ=</latexit>

Dc = Dunit � 1

This is a sufficient but not 
necessary condition!



Why does it work? — why is it a second order phase transition? 
Key: cut down on degrees of freedom in RG space 

• Ak series examples : nM = 2, Dc = 1


• N-state Potts model (                                                                   )

• N=2   nM = 2, Dc = 1  => 2nd order = Ising

• N=3 nM = 2, Dc = 2   => 2nd order = 3 state Potts — seems to be an 

accident? 

• N=5 nM = 2, Dc= 4  => (weak) first order 


Beyond N>5 well known that they are all first order transitions. 

The entire series is second order phase transitions !

<latexit sha1_base64="M5bJC6cwQRPGPr72a1uJ3FBFIEc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FgSkepGqLpxJRXsA5oQJpNJO3QyE2YmQgl146+4caGIW//CnX/j9LHQ1gMXDufcy733hCmjSjvOt1VYWFxaXimultbWNza37O2dphKZxKSBBROyHSJFGOWkoalmpJ1KgpKQkVbYvx75rQciFRX8Xg9S4ieoy2lMMdJGCuy9yyCBF9DxRMoyBT0cCa3g7bEb2GWn4owB54k7JWUwRT2wv7xI4CwhXGOGlOq4Tqr9HElNMSPDkpcpkiLcR13SMZSjhCg/H38whIdGiWAspCmu4Vj9PZGjRKlBEprOBOmemvVG4n9eJ9PxuZ9TnmaacDxZFGcMagFHccCISoI1GxiCsKTmVoh7SCKsTWglE4I7+/I8aZ5U3Gqlendarl1N4yiCfXAAjoALzkAN3IA6aAAMHsEzeAVv1pP1Yr1bH5PWgjWd2QV/YH3+APuclVQ=</latexit>

Am = 0� · · ·N � 1
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Ae = 0
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M = 0� · · ·N � 1

This expression reproduces the correct phase transition points in all the infinite 
set of examples below.



Phase Diagrams and Phase 
Boundaries 



phase boundaries and tri-critical point

• The module: 


Note that this choice of module kills 


nM = 3, Dc = 2 => All phase transitions are 
second order. 
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M = 1
<latexit sha1_base64="kxsJV+02ohLM2/fDlIuKWBvzHnQ=">AAACKnicbZBNS8MwGMfT+TbnW9Wjl+AQPI12julF2PTicYJ7ga2UNEu3sDQtSSqMss/jxa/iZQdlePWDmK4FdfOBwC////OQPH8vYlQqy1oYhY3Nre2d4m5pb//g8Mg8PunIMBaYtHHIQtHzkCSMctJWVDHSiwRBgcdI15vcp373mQhJQ/6kphFxAjTi1KcYKS25ZrPpWvAWWnAgY08SBZuund3DiMUS1n4ZV6nxo2dQdc2yVbGWBdfBzqEM8mq55nwwDHEcEK4wQ1L2bStSToKEopiRWWkQSxIhPEEj0tfIUUCkkyxXncELrQyhHwp9uIJL9fdEggIpp4GnOwOkxnLVS8X/vH6s/BsnoTyKFeE4e8iPGVQhTHODQyoIVmyqAWFB9V8hHiOBsNLplnQI9urK69CpVux6pf5YKzfu8jiK4Aycg0tgg2vQAA+gBdoAgxfwBt7Bh/FqzI2F8Zm1Fox85hT8KePrG1bgowY=</latexit>

A0 = 0 ⇢ A1 = 0� 4 ⇢ A3 = 0� 4� 2
<latexit sha1_base64="nMR+pD/8JdaB7YTgsxa9uM49EGU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5IUqW6EqhuXFewD2hAm00k7dDIT5iHU0C9x40IRt36KO//GaZuFth64cDjnXu69J0oZVdrzvp3C2vrG5lZxu7Szu7dfdg8O20oYiUkLCyZkN0KKMMpJS1PNSDeVBCURI51ofDvzO49EKir4g56kJEjQkNOYYqStFLrl67AGr6DXFykzCtZCt+JVvTngKvFzUgE5mqH71R8IbBLCNWZIqZ7vpTrIkNQUMzIt9Y0iKcJjNCQ9SzlKiAqy+eFTeGqVAYyFtMU1nKu/JzKUKDVJItuZID1Sy95M/M/rGR1fBhnlqdGE48Wi2DCoBZylAAdUEqzZxBKEJbW3QjxCEmFtsyrZEPzll1dJu1b169X6/XmlcZPHUQTH4AScAR9cgAa4A03QAhgY8AxewZvz5Lw4787HorXg5DNH4A+czx9vU5Gs</latexit>

A2 = 0� 2

3 phase competition: Ashkin-Teller model from A5



phase boundaries and tri-critical point

• The module: 


Note that this choice of module kills 


nM = 3, Dc = 2 => All phase transitions are 
second order. 
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M = 1
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A0 = 0 ⇢ A1 = 0� 4 ⇢ A3 = 0� 4� 2
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A2 = 0� 2

3 phase competition: Ashkin-Teller model from A5



3 phase competition: Ashkin-Teller model from A5
phase boundaries and tri-critical point

Phase boundaries: 

Ising

Ising

4-state potts

How do we understand which CFT would 
show up here? Particularly they seem to 

preserve different amount of (non)-
invertible symmetries. How do we 

determine what is the minimal amount of 
symmetries preserved? 



Symmetries preserved — refined 
condensation tree



Refined condensation tree 
Refining the ``Hasse diagram’’ 

• Each node corresponds to a topological order obtained from partial anyon 
condensation of the parent phase - one draws a line connecting the child and 
parent phase


• From the perspective of the ``input-category’’ C, each node correspond to a 
sub-category K of C


• Grow the tree from the top node corresponding to K = C (no condensation). 
The bottom nodes of the diagram are ``maximal’’ condensation corresponding 
to Lagrangian algebra L —now K becomes trivial with only 1 object, this 
object being a Frobenius algebra A . 

Chatterjee, Wen 22;  Bhardwaj, Pajer, Schafer-Nemaki, Warman 24;



Refined condensation tree 

• Several Frobenius algebra A corresponds to the ``same’’ L


• But these L are actually different microscopically ! Different A does 
correspond to different boundary conditions. Two different A’s correspond to 
the ``same’’ L can have non-trivial phase transitions between them. 


• Our tree contains all these different A’s that may correspond to the same L. 



Refined condensation tree 

• Examples: Ising



Refined condensation tree 

• Examples: A5 
The minimal symmetry is determined by the first shared parent between to 
competing Frobenius algebra. 



Novel Examples -  
Haagerup TQFT



Haagerup Model



Haagerup Model



Haagerup Model - summary of results



Symmetry preserving RG



Generalised Symmetry Preserving RG and Their Fixed Point
A lattice integrable model can also be written in this form:  
R. Vanhove, M. Bal, D. J. Williamson, N. Bultinck, J. Haegeman, and 
F. Verstraete; 
D. Aasen, P. Fendley, and R. S. K. Mong 

RG of topological order

Chen, Gu, Wen 2010; 


and others.. 


•symmetric topological phase 
= topological eigenstate of RG 
operator from Frobenius 
algebra. 


• symmetric CFT is an infinite 
bond dimension eigenstate of 
the RG operator from 
conformal blocks

Gong Cheng, Lin Chen, 
Zheng-Cheng Gu 
2311.18005 
Phys.Rev.X 15 (2025) 1, 0110
73
Lin Chen, Kaixin Ji, 
Haochen Zhang, Ce Shen, 
Ruoshui Wang
2210.12127  Physical Review 
X 14 (4), 041033

https://arxiv.org/abs/2311.18005
https://arxiv.org/abs/2210.12127


CFT is a symmetric RG fixed 
point



Cut 2D CFT path-integral into pieces 

• Cut 2D manifold into triangles.


• Each triangle = three-point function of boundary-changing operators.


• Glue triangles: summing over states on the edge (primaries + descendants).


• Leaving holes (radius R) at each vertex, labeled by conformal boundary conditions. 

Gabriel Wong, LYH 2020  
Lin Chen, Kaixin Ji, Haochen Zhang, Ce Shen, Ruoshui Wang, LYH 2022  
Brehm, Runkel 2022



Cut a CFT into triangles

Shrinkable Boundary Condition =  
“Entanglement Brane Boundary Condition” in RCFT 

Wong, LYH 2020, 
Brehm, Runkel 2022
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|eii =
X

a

!�a |�ai Shrinkable boundary designed to preserve all the 
CFT generalised symmetries. 

“Quantum dimensions”

<latexit sha1_base64="/khfiQry0nM9JepNtDxE+C+t06Y="></latexit>

ZCFT = lim
R!0

Y

v

e�c/6 lnRZ(R)

• Shrink the holes.

Vacuum Ishibashi state



Fuchs, Runkel, Schweigert 2002-2006 

related to “strange correlator” in lattice spin models

Bal, Williamson, Vanhove, Bultinck, Haegeman, 

Verstraete  2018; 
 Aasen, Mong, Fendley 2016; 2020; 

Collection of conformal blocks

Collection of BCFT OPE (= 6j symbols= 3D tetrahedra) 

Emergence of 3D Bulk from BCFT OPE 

Rewrite Z(R) as an overlap of two 3D states  

Ground state of a 3D TQFT

Turaev, Viro 1992;

Levin, Wen 2004

Lin Chen, Kaixin Ji, Haochen Zhang, Ce Shen, Ruoshui Wang, LYH 2022  

3D graph independence in

the bulk triangulation



Low dimensional AdS/CFT?



Liouville CFT - Closing Holes 

Weight the hole with the Plancherel measure (Cardy density of states)

Ponsot, Teschner 2001;

Chen, LYH, Jiang, Lao 2024;
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q = e⇡ib
2

Lin Chen, LYH, Yikun Jiang, Bingxin Lao 2024

A self-consistent collection of  
conformal boundary conditions 
 
Fateev, Zamolodchikov,  
Zamolodchikov 2000;  
Teschner 2000;

Also Crossing Kernel of  
Virasoro  conformal blocks



Reading off the bulk
<latexit sha1_base64="EgvDrledMQ6HOYEU1N6tATdfmKk="></latexit>

ZLiouville(R) = h⌦(R)| i

Lin Chen, LYH, Yikun Jiang, Bingxin Lao 2024



Reading off the bulk in the large c limit

some picture…
BCFT 

primary labels
Bulk 

geodesic 
lengths
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P =
l

2⇡b

Kashaev 1997;

Teschner, Vartanov 2012;

Collier, Eberhardt, Zhang 2023;

Chen, LYH, Jiang, Lao 2024;

Large c limit reduces to on-shell Einstein-Hilbert action on hyperbolic tetrahedron.

Gibbons Hawking/Hayward Term



Summary and Outlook

• Topological holographic principle — connects the discrete and the continuous 
world


• AdS/CFT seems to coincide with the topological holographic principle, at 
least in low dimensions!


•



Future: Interacting Field 
Theory

• Quantum Field Theory seems to be the correct 
language to describe the natural forces, 
particularly, the standard model pictures courtesy Cern

But the success is mostly  
in the high energy limit, when the theory approaches free 
theory— where perturbation based on Feynman diagrams 
have been extremely successful.



Thank you!


